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Low-energy transport measurements in Quantum Hall systems have been argued to be governed by 
emergent modular symmetries whose predictions are robust against many of the detailed microscopic 
dynamics. We propose the recently-observed quantum Hall effect in graphene as a test of these 
ideas, and identify to this end a class of predictions for graphene which would follow from the 
same modular arguments. We are led to a suite of predictions for high mobility samples that 
differs from those obtained for the conventional quantum Hall effect in semiconductors, including: 
predictions for the locations of the quantum Hall plateaux; predictions for the positions of critical 
points on transitions between plateaux; a selection rule for which plateaux can be connected by low- 
temperature transitions; and a semi-circle law for conductivities traversed during these transitions. 
Many of these predictions appear to provide a good description of graphene measurements performed 
with intermediate-strength magnetic fields. 
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Recent quantum Hall experiments in single graphene 
layers [3, Q have produced fascinating results which are 
markedly different from the now standard quantum Hall 
effect in semiconducting monolayers. In this note we 
point out that these experimental results, at least for 
intermediate values of the external magnetic field, are 
compatible with a suggestion, first made in 1989 H, that 
a particular level 2 sub-group of the modular group might 
be a symmetry of the quantum Hall effect. Our main pur- 
pose is to identify the experimental implications of this 
symmetry, including the prediction that graphene should 
be expected to exhibit a semi-circle law, and to encourage 
experimentalists to look for these. 

The idea that the modular group might be relevant to 
the quantum Hall effect in semiconducting heterostruc- 
tures was explored in more detail in Q where the exis- 
tence of a group of symmetries was postulated, acting on 
the complex conductivity a — a xy + icr xx according to 



(1) 



where the integers a through d satisfy the constraint 
ad — be = 1. This defines the modular group, T(l) « 
S7(2;Z)/Z 2 . These authors argued that phase structure 
in the a-plane for high-mobility samples was consistent 
with the existence of a symmetry of the above form (at 
least for samples with electron spins well-split). Further 
progress was made in 0, @] where it was noticed that odd 
denominator states are singled out provided the integer 
c is restricted to be even, defining the level-2 subgroup, 



r (2) C r(l). This subgroup differs from the subgroup 
Tg C r(l) examined in ref. 3], which can be defined by 
the condition that the integers b and c both be even, or 
both be odd. In particular a — > — I /a is in Tg and this is 
not a symmetry of the usual quantum Hall effect, there 
is no evidence in the experimental data for a fixed point 
at a = i. 

Similar conclusions were reached at much the same 
time in [7[, where more detailed thinking about the mi- 
croscopic dynamics led to the Law of Corresponding 
States, whose action on filling fractions implies an ac- 
tion on conductivities which agrees with To (2) symme- 
try Modular transformations, restricted to the real axis 
®xx = 0, generate a To (2) action on ground state wave- 
functions, which is also implicit in the work of Jain and 
collaborators 

A puzzle which these considerations left open was the 
remarkable robustness of their experimental implications, 
which are found to apply well beyond the expected do- 
main of validity of the microscopic derivation 9J1- This 
robustness was clarified by subsequent work [lO . Illl . \v\ , 
where it was argued that symmetries of the form eq. ([1]) 
emerge on very general grounds in the low-energy de- 
scription of 2-dimcnsional systems, as a general con- 
sequence of pseudo-particle/vortex duality amongst the 
charge carriers in the low-energy effective theory relevant 
to low-temperature transport measurements. 

In particular, ref. [l(| showed the existence of two 
equivalence classes of systems, with r (2) emerging as 
the symmetry relevant for systems related to fermionic 
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charge carriers by a symmetry transformation and Tg 
emerging as the symmetry relevant for systems related 
to bosonic charge carriers by a symmetry transformation. 
Indeed, these two subgroups are related by a conjugation 
operation which is equivalent to attaching one unit of sta- 
tistical gauge field flux to the relevant pseudo-particles, 
thereby converting fermions to bosons and vice versa. 

The power of the modular group was further realised 
in [l3| where it was shown that the main experimental 
evidence for the Law of Corresponding states could be 
derived purely as a consequence of the emergent symme- 
tries. Besides determining the positions of the possible 
Hall plateaux as low-temperature fixed points, the sym- 
metries also govern how transitions can be made between 
quantum Hall plateaux as the magnetic field B or the 
carrier density n is varied. In particular, the spectacular 
semi-circle law for B-induced transitions between quan- 
tum Hall plateaux in the low-temperature limit can be 
derived assuming only that the flow through the conduc- 
tivity plane as temperature is varied should be invariant 
under T (2) symmetry (acting as in (TT])) together with 
symmetry under particle-hole interchange. The symme- 
try also implies that the critical points along these semi- 
circles occur at universal values of the conductivity - 
for integer transitions at a = (k + i)/2, in units where 
e 2 /h = 1, where k is an integer. Although many such 
points have been observed in transitions a : k — > k + 1 
[1 41 ] . spin effects can modify the precise position of the 
critical points HI, 

It is the great generality of these arguments which sug- 
gests seeking their test using the new Quantum Hall phe- 
nomena recently found in graphene. Graphene is unusual 
in that there is an extra twist in the statistics caused by 
a Berry phase of ir [ItJ when particles for each of the two 
low-energy bands are circulated around the point of band 
contact of the other low-energy band. We can realise this 
extra phase in the relative statistics of excitations in the 
two bands in terms of weakly interacting pseudo-particles 
carrying one extra unit of flux of a statistical gauge field 
— this flux would conjugate the relevant symmetry group 
from the usual r (2) to Tg, as in [l(|, leading us to use 
the latter group to understand the graphene experiments 
in [H, E| . This suggests that a hierarchical structure of 
quantum Hall plateaux, related by Fg , should eventually 
be found in graphene, given samples with sufficiently high 
mobility. 

Another complication for graphene at moderate mag- 
netic fields is the spin degeneracy of the conduction elec- 
trons due to the small Zeeman splitting between electron 
spin states. We provide details about how such degen- 
eracies alter the implications of modular symmetries else- 
where 18j , whose arguments lead us to consider the mod- 
ular group Tg acting on a/2, with the factor of 1 /2 arising 
because of the spin degeneracy. Note that the symmetry 
therefore includes the transformation a — > er + 4, which in 
a fermionic system has the interpretation of Landau level 



addition with four-fold degeneracy, such as would be the 
usual interpretation for this transformation in graphene. 

The consequences of Tg symmetry for the temperature 
flow of the conductivities were given in , the resulting 
temperature flow diagram is reproduced here as Figure 
1. The predictions for graphene differ from those given 
in [loj ]. however, in two ways. First, because of the spin 
degeneracy Figure 1 here should be regarded as plotting 
the real and imaginary parts of a/2 rather than a. 




Figure 1: Te temperature flow (colour online). 

Second, the direction of the temperature flow in the 
conductivity plane given in Figure 1 is that given in [Io| , 
which was drawn to represent the direction of decreas- 
ing temperature assuming that the underlying system at 
zero magnetic field (a xy = 0) describes a superconduc- 
tor/insulator system, with a xx ioo or as T — > 0. 
(Notice the universal fixed point which is predicted at 
Cxx = &_jh describing the superconductor-insulator tran- 
sition [19j.) However, graphene is a semi- metal and so 
for it one instead expects the conductivity at vanishing 
magnetic field to decrease away from a xx = ioo as T 
is lowered. Thus the flow direction shown in Figure 1 
should be taken to represent increasing temperature for 
graphene. 

We may immediately draw a number of robust con- 
sequences concerning the allowed Hall plateaux for 
graphene systems, whose validity relies on the absence of 
impurities and/or defects which can destroy the particle- 
vortex symmetry on which Tg is based. 

• Integer Quantum Hall Plateaux: The allowed Hall 
plateaux correspond to the attractive fixed points of the 
flow in the limit that T — > 0, all of which lie along the real 
axis (for which a xx — 0. Keeping in mind the two- fold de- 
generacy and the flow direction described above, inspec- 
tion of the figure (with the arrows reversed) shows that 
all such integer fixed points occur at a xy /2 = 2k + 1, for 
integer k. This implies integer Quantum Hall plateaux at 
>£xy_= 4fc + 2, as is seen for single-layer graphene systems 
[lj, |2| in intermediate magnetic fields. 

• Fractional Quantum Hall Plateaux: The complete set 
of attractive fixed points as T — > occur at a xy = 2p/q, 
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with p and q being relatively prime odd integers. For 
higher mobility single-layer graphene samples we there- 
fore predict the existence of a hierarchy of fractional 
Quantum Hall plateaux at precisely these fractional val- 
ues (and no others), at least for the same range of mag- 
netic fields for which the above integer effect is seen. 

But modular symmetry gives more. Besides identi- 
fying the low-temperature fixed points, taken together 
with particle-hole symmetry Tg invariance also dictates 
the detailed form of the transitions which can take place 
between the allowed plateaux as either magnetic field, B, 
or carrier density, n, are varied. These two symmetries 
can do so because they suffice to guarantee 13| that the 
caustics of Figure 1 — i.e. the straight lines and semi- 
circles on which those fixed points lie which are not on 
the real axis — are bona fide temperature flow lines. (By 
contrast, the detailed shape of the remaining flow lines 
shown in Figure 1 are not similarly dictated purely by 
the symmetries). If one compares a family of tempera- 
ture flow curves for different B (or n), and connects the 
points which correspond to the same value of T, then 
one finds the resulting curves arc inevitably pushed to lie 
along one of the caustics in the a plane as T — > 0. 

This observation leads to the following further predic- 
tions: 

• Selection Rule: A consequence of the above arguments 
is that any low-temperature transition between a pair 
of plateaux (with varying B or n) must be the image 
under Tg of the basic semicircle running from —1 to 1 
of Figure 1. This implies in particular that transitions 
are not possible between arbitrary pairs of Hall plateaux. 
Instead, the symmetry allows transitions between two 
plateaux, a — 2p/q and a — 2p'/q', only when 



\pq' - p'q\ = 2 : 



(2) 



which is compatible with the previous observation that 
p, p', q and q' are all odd for attractive fixed points. A 
selection rule of this type for quantum Hall transitions 
due to modular symmetry was first derived in 14| and 
@ is the rule for graphene. 

• Universal Transition Points I: Given that the transition 
between a = — 2 and a — 2 must move along the semicir- 
cle of radius 2 centered at the origin, we have a universal 
prediction that the value attained by p xx in the absence 
of Hall conductivity, a xy — 0, corresponds to the point 
a = 2i: that is, p xx — 1/2 (in units where e 2 /h = 1). 
Indeed, the experimental data in [l| show a peak in p xx , 
when a xy — 0, very close to 12.9 kVl — h/2e 2 . Modular 
symmetry implies that this point should be a fixed point 
corresponding to the phase transition which occurs as the 
system bifurcates from reaching a = — 2to<7 = 2in the 
low-temperature limit. This is the direct analogue of the 
second order phase transition atcr = fc-M/2in ordinary 
monolayer semiconductor samples [20j. Notice that al- 
though these predictions qualitatively agree with some 



recent calculations, which also predict a universal value 
for a xx when a xy — [2l| . they differ in the universal 
value which is predicted. 

• Universal Transition Points II: Since all transition 
curves are the image of the basic one under Tg, we can 
predict exactly where the bifurcation points arise for all 
other transition curves. Since the group element required 
to obtain the transition a/2 : p/q — > p'/q' from the ba- 
sic one between a/2 : — 1 — > 1, has a = (j>' — p)/2, 
b= (p'+p)/2,c = (q'-q)/2,andd= {q'+q)/2, it follows 
that the critical point at a/2 = i in the in the — 1 to 1 
transition is mapped to a/2 = (pq + p'q' + 2i)/(q 2 + q' 2 ) 
in the p/q to p'/q' transition, and so 



2(pq + p'q') +Ai 



(3) 



This is therefore the critical bifurcation point for the 
transition a : 2p/q — > 2p' / q' . 

• Semi-circle Law: Besides predicting the positions of the 
critical points, as argued above Tg symmetry determines 
the entire shape of the transition curve traced out within 
the conductivity plane as B or n varies at low temper- 
ature, and predicts it to follow a precisely semi-circular 
trajectory [13j. With this paper we hope to encourage 
experimentalists to check this semi-circular prediction. 

As a preliminary test we have examined the experi- 
mental data in [l[ (the data in Q are not presented in 
a way that allowed us to perform the analysis on that 
experiment), a figure of which is reproduced here as Fig- 
ure 2. This figure plots the Ohmic resistivity, p xx and 
the Hall conductivity, a xy , as reported by [H as a func- 
tion of carrier density, n. Because we were unable to 
infer directly from this the trajectory taken in the com- 
plex a plane with sufficient accuracy, we instead chose to 
directly compare the curves in this figure with a specific 
parameterization, a(n) (related to that in 22], whose de- 
tailed form does not follow purely on symmetry grounds). 
By assuming semi-circular trajectories for the transitions 
a : —10 — * —6 — > —2 — * 2 — > 6 — > 10 we obtain the blue 
curves in Figure 2, overlaid on the experimental curves. 
To obtain these curves we use our assumed parameter- 
ization to fit p xx for the a : — 2 — > 2 transition by eye, 
constrained by the fact that it should be symmetric about 
the vertical axis and that the maximum is not a free pa- 
rameter but must lie at 12.9 fcO. We then derive a xx for 
this transition by assuming that it is semi-circle in the 
cr-plane. This semi-circle is then mapped to the other 
transitions by using a — > a ± 4, and p xx is calculated 
for these transitions. Once p xx for the —2 — > 2 transi- 
tion is determined all of the other transitions are fit with 
only one free parameter, namely the horizontal shift nec- 
essary to line up the a xy curve with the experimental 
data. Although our plots use a specific parameteriza- 
tion we believe this is not likely to be essential for the 
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present purposes — what matters is that the blue curves 
are semi-circles in the cr-plane. 
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Figure 2: A semicircle (solid blue line) overlaid on the data 
of [J (colour online). 

The visual agreement between the semi-circle curves 
and the experimental data seems rather good for —6 — » 
—2 — > 2 — > 6, though the fit to p xx is poorer for 
2^6 than for —2 — > —6, worse again for the higher 
plateaux. For the transition a : 4k — 2 ^ 4fc + 2 a semi- 
circle implies that the peak in p xx should lie at p™ x x = 
(2|4fc 2 - ll)" 1 fen, and relative to this the ±10 -> ±6, 
(which a semi-circle predicts should be at p xx = 0.85 kfl) 
are clearly too high. This indicates a breakdown of either 
particle-hole symmetry or the particle- vortex duality un- 
derlying the Tg symmetry. 

At still higher fields, over 40T, the picture changes 
and more plateaux are visible, which are interpreted as 
being due to lifting the spin degeneracy [23| . We do not 
know how to interpret these high-field data in terms of 
modular symmetries, or whether such an interpretation 
is possible. These data do not appear to be compatible 
with Tg which cannot exhibit stable plateaux at both 
even and odd integers (with pseudo-particles of charge 
e and e 2 /h — 1) — perhaps they represent a transition 
between two regimes. It would be very useful to have 
data exploring more of the er-plane for a range of values 
of B and n. 

The hypothesis that Tg is an underlying symmetry of 
the quantum Hall effect in single-layer graphene (for in- 
termediate magnetic field values) clearly makes many ro- 
bust predictions. If borne out by further measurements, 
the existence of the emergent Tg symmetry has implica- 
tions for the microscopic physics which is responsible. It 
does so because of what it says about the properties of the 
pseudo-particle charge carriers which appear in the low- 



energy effective description of low-temperature transport 
properties. In particular, the appearance of the 'bosonic' 
group Tg provides an additional observational implica- 
tion of the Berry phase, perhaps pointing to a compos- 
ite Fermion picture 24] for graphene which attaches an 
odd number of statistical gauge field flux quanta to each 
pseudo-particle rather than an even number. 
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